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Efficacy-safety-models

e Risk-benefit consideration often important for dose-finding

» Consider both an efficacy and safety outcome for planning the design

e For patient i,i = 1, ...,n, we observe:
Y O, x; €EEi
( El) —_ (f( E'xl)) +( El)
Ysi f (@5, x;) €si
with regression function f depending on dose x;;
(EEi) €si )T ~ N(O) Z); COTT(EEI:J ESi) = p
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Efficacy-safety-models

¢ Emax-Smax-model: f(0,x) = 6, + xefg : ]
2

HE — (EO' EDSO'Emax)a 05 — (So; SDSOJSmax) Eo+Emax/2

E, -

e Further models of Emax-type:
e Michaelis-Menten model: E, =S, =0 dosex
e Placebo-effect model: E, ., =S,,,, =1

e One-parameter model: E, =S5, =0, E,,;x = Smax = 1, 1.€.
f(EDsy,x) =x/(x + EDcgy), f(SDsg, x) = x/(x + SD<,)
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Optimal design

* Design X; Xy oo Xy
$=(wy we o w)
with doses x; € [0, ] (unrestricted design space) w; >0, w; =1

e Optimize standardized information matrix

M(f) — 7i/lzl Wi M(Exi)

_1[9h(x) 9 = (85,05,
30 h(6,%) = (F(05, ), £(85,))

with

oh(x)\"
M(fx)=( aff) >

e We are interested in locally D- and c-optimal designs
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Log-transformation of dose-scale

_ EmaxX _ SmaxX
® f(HE,X) — EO + x+EDs ’ f(HSJ X) — SO + x+SDs

e Log-transform: y = log(x) and az = log(ED,), as = log(SDx,)
~ Emax Fal Smax
o f(HE,y)ZEo‘l‘ ,f(es;Y)=50+

1+exp(—y+ag) 1+exp(—y+ag)

104 | 10

0.5 05

0.0 0.0 I I

0 EDsy  SDsgp dg  ds

dose x log-dose y
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Symmetric designs

Theorem:
Unrestricted design space [—o, o] on log-scale;
model: one-parameter, placebo effect, or Emax-Smax.

0.5 1

There is a D-optimal design which is symmetric 00 -
around

YM = log(\/EDSOSDSO) —

7
gl s

aE+a5

= (log(EDso) +10g(SDsg)) /2. =
Ym

Result valid also for c-optimality with ¢ for inference on a; + a5 or ag — ag

(ag — ag corresponds to the therapeutic index of a drug: TI = Zg”

50
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The one-parameter model

f(EDgp,x) = ——,

x+EDs,

f(SD ,X) - L’
Theorem (Tsirpitzi & Miller, 2021): Let ¢ = (1), Y= (,ll> ’[1)) . 553)50 X +5Dso

EDc,

2
o IfTI < 4/(—,0 +3—/p?—6p+ 5) , the one-point design

in xy, = exp(Yy) =  EDsoSDs is c-optimal,
e Otherwise, following two-point design is c-optimal:

(eXp(yM —6) exp(yy + 5))
1/2 1/2

an algebraic expression for § > 0 is given by Tsirpitzi & Miller (2021)

b
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(9 , ):E + Emaxx,
The Emax-Smax model 062 = 50 v,
F(85,%) = So + Smas
TI = 225 )
Theorem: EDs,
e For TI = 222 > 1 close to 1, a 3-point design is D-optimal:

D5

O XM CO . B B
(1/3 1/3 1/3) with xy = exp(yn) = v/ EDsoSDso

e For larger TI, the D-optimal design is a 4-point design and has the form

0 exp(yy —6) exp(yy+46) o
— W w w

N[

— W

N =

with some w € (0,1/2),6 =0
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Restricted design spaces with left or right limits

e Unrestricted design space [0, o] is a theoretical construct

e For the Emax-Smax model, we can transform a model on a restricted
design space [0, R] or [L, R] to a model on an unrestricted space
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Transformation: Additive shift

e Additive shift-transformation w = x — L (dose in addition to L)

——

e Transforms design space [L, oo] to [0, o]
e We obtain a new Emax model: f (0, x) = E, + —meX — F 4 fmax

.X'+ED50 W+ED50
o It hasparameters . . —— PN
EDco=L + EDcy,  (f(w)+f(L))/2 o] S —
f(L) ,\A
By = Ey + —IGXL | Byt B2 ol s (1() +1(L))/2
L+ED50 : '
_ _ EmaxL g g
Emax = Emax L+EDs, f(0)=E, —— ; f(L)

0 EDE—D L L+{L+ EDED]

dose x
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Transformation: Reciprocal

. . 1
e Reciprocal transformation z = "

[ ] 1
e Transforms design space [0, R] to [E’ oo |
EmaxX E
X+ED 0 " 2+ED
50 50

e We obtain a new Emax model: E, +

e It has parameters
EDso=1/EDs,,

ED+Emﬂx

EEI + Emﬂxfz _

757) = Eo + Enax

Emax = —Emax

dose x
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-1
o R EDg
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D-optimality for Emax-Smax model and
restricted design space [0, R]

~1
. . . 0 X R ) 1 1 1 1 1
e D-optimal 3-point designis (1 /31 /1% 1 /3) with x), = { \/ (SDso + E) (EDso + E) + E}

Another equivalent
e ForTI =225 > 1 closeto 1, this 3-point design is D-optimal CXpression 1s given by
EDsg Schorning et al. (2017)

Xy X3 R

0
e ForlargerTI, <1 1 ) is D-optimal with
—WwW W - W

(DD vl = { D e D)

for somew € (O,%) and somey > 1

LINKOPING
IIQ“ UNIVERSITY



13

(p=0)
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Bivariate dose-finding
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Summary

e We could derive algebraic results for D- and c-optimal designs in
efficacy-safety models

e Those show the important influence parameters

e Transformations for Emax-type-models are useful
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Appendix
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Number of support points of the optimal design

e How many support points are sufficient to ensure that we find an optimal
design among them?

Parameters Arbitrary | c-opti-
criterion | mality

One-parameter (EDsg, SDsp)

Placebo-effect (Ey, EDsp, Sy, SDsp) 5 4
Michaelis-Menten (EDso, Evnaxr SDs0, Smax) 5% 4%*
Emax-Smax (Eg, EDsg, Ernaxs S0, SDs0, Stax) 5% 5*

*Schorning et al. (2017) **Tsirpitzi & Miller (2021)
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Optimal design

* Design Vi Y2 - Yn

=Gy ws o w)

e Weight w; > 0 for the doses y; € [—o0, 0] with )7L, w; =1

e Standardized information matrix M(¢) = ¥/, w;M (&) with
M(,) = Q7271Q,,
0, = (1 he(¥) Emaxde() O 0 0 )

0 0 0 1 hs(¥) Smaxds(y)
hg(y) = {1 +exp(=y +ag)} ' de(y) = hg(y)(1 — hg(¥))
he(¥) = {1 + exp(—=y + as)} ', ds(y) = hs(¥) (1 — hs(¥))

e We want to have a design ¢ such that M(¢) is “large”

July 2023 17
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D-optimality for Emax-Smax model and
restricted design space [0, R]

: : . .. (0 R .
e D-optimal 3-point design is (1 /3 f }”3 1 /3) with
Xny = VEDs0SDso (R+EDs0) (R+5Ds50)—E D50 SDs0 (Schorning et al., 2017)
M R+EDsy+SDs 5 K /

-1
. Note:xM={J(1 + (= +1)+1}
SDsy R/ \EDsy R R
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Result for the placebo-effect model

X
X+EDsqy’

X
x+SD50

® f(Opx)=Ey+ f(Bs,x) = Sp +

e Theorem:
The D-optimal design for the design space y € [—o0, ) has the form

( —oo  exp(ys—38) exp(ys+ 5))
1—2w w w

with y¢ = log(\/EDSOSDSO) and some w € (0,%) ,0 = 0.
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D-optimality for Emax-Smax model and

restricted design space [0, R]

rho=0.9

rho=0.5

e When is a design with 3 or 4 support points D-optimal?
rho=0
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Number of support points of the optimal design

e How many support points are sufficient to ensure that we find an optimal
design among them?

Parameters Arbitrary | c-opti-
criterion | mality

One-parameter (EDsg, SDsp)

Placebo-effect (Ey, EDsp, Sy, SDsp) 5 4
Michaelis-Menten (EDso, Evnaxr SDs0, Smax) 5% 4%*
Emax-Smax (Eg, EDsg, Ernaxs S0, SDs0, Stax) 5% 5*

*Schorning et al. (2017) **Tsirpitzi & Miller (2021)

e Optimal designs depend not on E,, S, E,, 4 Smax DUt on EDcy, SD:, and p

e We will derive locally optimal designs which can be applied sequentially
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