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The model

Consider the common linear regression model
y(t) = 01 A(t) + ...+ Opfn(t) +(t), t€ T CR?

e functions f1(t),..., fn(t) are linearly independent and
continuous,

@ a random error field £(t) has the zero mean and the
covariance kernel K(t,s) = E[e(t)e(s)],

@ parameters 0y, ..., 0, are unknown and have to be
estimated.

Suppose that we observe one realization of a random field.
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Prediction with discrete observation

The best linear unbiased predictor (BLUP) of y(to) is
y(to) = £ (to)fsrue + Ko 'Y — XOprum),
N

where ¥ = (K(t;, tj))w.:l, Ky = (K(to, t1), ..., K(to, tN))T,
X = (F(tr), ..., F(tn))T, Y = (y(t1), ..., y(tn))T € RN and

OpLue = (XTZ X)Xty

The BLUP satisfies the unbiased condition E[y(t)] = E[y(to)]
and minimizes the mean squared error

MSE(§(t0)) = E (y(to) — 7(t0))* in the class of all linear
unbiased predictors y(tp); its mean squared error is

oo -xior- [ & %] 19

Gradient-enhanced kriging is possible.



BLUE for discrete observation

A general estimator

é\: GTYa Y = (y(tl)v s 7y(tN))T7

where G is a N X m-matrix. A
The condition of unbiasedness E[f] = 6 means

G'X = 1m><m>
where X = (f(t1),...,f(tn))" is a N x m-matrix.

Var(d) = GT¥G — min
unbiased G
By Gauss-Markov theorem, the best linear unbiased estimator
(BLUE) is
GT — (XTZ_IX)_IXTZ_I,

where ¥ = (K(t;, t;))V

ij=1"
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BLUE for discrete observation with derivatives

A general estimator

~

0=Gy Yo+ G Y1, Yo=(y(tr),...,y(tn))",

Yi=(y'(tr).--. ¥ (tw)",

where Gy and G; are N x m-matrices.
The covariance matrix is

Var(d) = GTXG,

where G = ( ) = (ZOO zl°> is a block matrix,
N
200 = ( (i ¢ ) ij= p ( t;K(ti7t:i))i,j:1'

1= (8?81‘ K(t,,t)) ij=1
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Continuous observation without derivatives

A general estimator

where Go(dt) is a signed vector-measure.
The condition of unbiasedness E[f] = 6 means

| #6067 (e) = L
-
The covariance matrix of any unbiased estimator bc is

Var(fg) = /T /T K(t,s)Go(dt)GJ (ds).

The continuous BLUE minimizes this matrix and may not exist.
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Continuous observation with derivatives

A general estimator

éG:/TGo(dt)y(t)Jr...+/TGq(dt)y(q)(t),

where Go(dt), ..., G4(dt) are signed vector-measures.
The condition of unbiasedness E[0] = 6 means

/ F(6)G (dt) + ... + / FO() 6 (dt) = Lmem.
T

T

The covariance matrix of any unbiased estimator ¢ is

var(éc)zzz//%G,(dt)qr(ds).

The continuous BLUE minimizes this matrix and may not exist.
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Representation of continuous BLUE

Let (o, ..., (q be some signed vector-measures defined on T
such that the m x m matrix

<" Z;/f@-(dt) (F(e))"

is non-degenerate. Define G = (G, ..., G;), where G; are the
signed vector-measures and G;(dt) = C(;(dt) for
i=0,...,q.

Then the estimator QAG is unbiased.
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Solution for continuous BLUE

Let K(-,-) € C([A, B] x [A, B]) for some g > 0. Suppose
that the process {y(t)|t € [A, B]} along with its g derivatives
can be observed at all t € T C [A, B]. Assume also that all
components of f(-) are g times differentiable. Let (o, ..., (4
be signed vector-measures defined on 7 such that the matrix
C is non-degenerate. Define G = (G, ..., Gy),

G,'(dt) = C_lg,'(dt) for i = 0, ..., q.

The estimator O = J G(dt)Y(t) is the BLUE if and only if
q .
> / KD(t,s)¢i(dt) = f(s) VseT.
i=0 /T

In this case, the covariance matrix of f¢ is Var(dg) = C 1.
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To construct the BLUE, we have to solve
q .
3 / KO(t, $)Gi(dt) = F(s) WseT.
i=0 /T

@ For g = 0 the BLUE measure is a solution of Fredholm
integral equation of the first kind.

@ We can solve the equation individually for each
component of the vector of regression functions f(t).

@ The BLUE measure may not exist.

@ For g > 0 the BLUE measure is not unique [due to
possibility of integration by parts].
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BLUP without derivatives

Assume that (1) the best linear unbiased estimator (BLUE)

OpLue = J+ y(t)G(dt) exists,
(2) there exists a signed measure (;,(dt) which satisfies

/ K(t,s)(,(dt) = K(to,s), VseT.
-

Then the BLUP measure Q, exists and is given by
Q.(dt) = (yp(dt) + ¢ G(dt),
where ¢ = f(ty) — fT f(t)(,(dt) . The MSE of the BLUP
Yo.(to) = [ y(t)Q.(dt) is given by
MSE(Jo, () = K(ta, o) + <" DF(t) ~ | K(t,10)Q.(c).
T

where D= [_[K(t,s)G(dt)G(ds) is the covariance matrix

of QBLUE ny (dt)



BLUP with derivatives 1

Consider the problem of prediction of y(P)(t), the p-th
derivative of y at a point t; € T, where 0 < p < gq.

A general linear predictor of the p-th derivative y(P)(t;) can be
defined as

Foalto) = [ Y00 =Y [ /()0 ).

The estimator §, o(to) is unbiased if E[,.o(t0)] = E[y"?(to)],
which is equivalent to

/F(t)Q(dt) — £ (1),

where F(t) = (f(t), f(t),...,fO(t)) is a
mx (g + 1)-matrix.
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BLUP with derivatives 2

Assume that

(1) The best linear unbiased estimator (BLUE)

fsrue = [ G(dt)Y(t) exists, where G(dt) is some signed
mx (q + 1)-matrix measure (that is, the j-th column of G(dt)
is a signed vector measure defined on 7j);

(2) There exists a signed vector-measure (, 1, (dt) (of size
g + 1) which satisfies the equation

97K (s, to)

VET,’,
oty °

/ KT (t, 5)Cp o (d) =

where K(t,s) = (8}";(;’5))7:0 is a (g + 1)-dimensional vector.
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BLUP with derivatives 3

Under above assumptions,
the BLUP measure Q, exists and is given by

Q.(d0) = Gpo(dt) + G (dt)cy,
where

o = (1) ~ [ F(0)Gnalet).
The MSE of the BLUP y, o.(to) is given by

O?PK(t,s)

MSE($,.q.(t)) = 9tPosP

+cpTDf(P)(t0)—/ KT (t, t)Q.(dt),
t=ty
5:t0

where

D— / / G(dt)K(¢, 5)GT (ds)

is the covariance matrix of dpLup = [ G(dt)Y(t).



Examples of continuous BLUP 1

Consider the model

y(t)=0+¢e(t), t=(t1,t) € T =[0,1]%,
K(t,t') = E[e(t)e(t)] = exp {=A[lts — 1| + |2 — B3]},
where A >0 and t = (t;, ), t' = (t], ;) € [0, 1]°.
The BLUP at the point T = (T, T2) is [ y(t)Q.(dt), where
Q.(dt) = Cr(dt) + cG(dt) with c:l—/(T(dt),
T

where G(dt) is the BLUE measure and does not depend on
T =(Ty, T>).
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Examples of continuous BLUP 2

Define

1
G(dt;) = T [0o(dt;) + 01(dt;) + Adt;], t €[0,1].

Define
ei)‘lT"|5o(dt,'), if T; < 0,
CT,‘(dti) = 5T;(dti)7 if 0 S Ti S ]-a
e MTi=U5,(dt), if T, > 1.
Then we have Q,(dt) = (r(dt) + ¢ G(dt) with

(r(dt) = (r,(dtr)(r,(dtz),  G(dt) = G(dt)G(dty).
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Examples of continuous BLUP 3

For T; < 0 we obtain

e_’\‘T1|50(dt1)57-2(dt2) + (1 - e_)‘|T1|) G(dt), if OS T2 S 1,
e NTINTelgy (dty ) (dta) + (1 — e ATI-NT) G(d),
Q.(dt)= if T,<0,
e TN 53ty )5y (dty) + (1 — e NN (),
if T,>1.

Similar formulas can be obtained for 0 < T; <1 and T; > 1.

Andrey Pepelyshev Prediction



Examples of continuous BLUP 4
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The square root of the MSE of the BLUP for the N x N-point
equidistant design at points (i/(N —1),j/(N —1)) with N =3
(left) and N = 4 (right) and the exponential kernel with A = 2.
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Examples of continuous BLUP for Matern 3/2

Consider the model y(t) = 6 + ¢(t), t € [A, B] with Matérn
3/2 covariance kernel K(t,s) = (14 A|t — s|)e Mt=sI,

Let t; > B and we want to predict i o, (to). Define

zws = (L+ Nto — B))e™ 0Bz 5= (tg — B)e to=B)
C=14+XNB—-A)/4 co=1—z,5). The BLUP measure is

Q..(dt) = 0.5¢00a(dt)/C + (0.5¢0/C + z4, 5)ds(dt) + 0.25c0Adt/C
—0.25C0/(C)\)(5A,y/(dt) + (Zto,l,B + 0.25C0/(C)\))(55,y1(dt)
The corresponding BLUP is
B
Jo.0.(t6) = 0.56oy(A)/C+(0.5¢/C+2, 5)y(B)+0.25c\ / Y (£)dt/C

A

—025C0/(C)\)y/(A) + (Zto,l,B -+ 025C0/(C)\))_)/’(B)
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Examples of continuous BLUP for Matern 3/2
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Square root of the MSE of the BLUP for the design &n2 00,0
with N = 3 (left) and N = 4 (right), and the Matérn 3/2
product-kernel with A = 2.
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Examples of continuous BLUP for Matern 3/2
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Square root of the MSE of the BLUP for the design &n2 00,0
(|eft), §N2,4N74,4N74,4N74 (Center) and §N2,N2,N2,N2 (rlght) with
N = 3 and the Matérn 3/2 product-kernel with A = 2.

The MSE is the same for a2 ay—aan—a.an—a and Enz 2 p2 p2.
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