Kernel relaxation for space-filling design’

Luc PRONZATO

Laboratoire 13S, Université Cote d’'Azur, CNRS, France

— joint work with Anatoly ZHIGLJAVSKY, Cardiff University —

July 2023

Partially funded by project ANR INDEX (ANR-18-CE91-0007)



1 Three space-filling criteria

1 Three space-filling criteria

% = a compact subset of RY, 2" = cl(int(2)); f: 2 = R
use pairs (x;, f(x;)), i =1,...,n, to approximate or integrate f over 2

With little prior information about f
— observe “everywhere"
— choose a design X, = {x1,...,X,} space-filling in 2~
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1 Three space-filling criteria

1 Three space-filling criteria

% = a compact subset of RY, 2" = cl(int(2)); f: 2 = R
use pairs (x;, f(x;)), i =1,...,n, to approximate or integrate f over 2

With little prior information about f
— observe “everywhere"

— choose a design X, = {x1,...,X,} space-filling in 2~
We shall consider three “classical” criteria:

© Packing radius
@ Covering radius

© Ls-quantisation error
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1 Three space-filling criteria

1/ Packing radius: maximise PR(X,) £ 3 min;; [|x; — x/]|

PR(X,) = separation radius = 1 Maximin distance criterion

/

— can often be related to numerical stability issues
— easy to compute, but pushes points to the boundary of 2~
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1 Three space-filling criteria

2/ Covering radius: minimise CR(X,)=CR 4 (X,) = maxyec 2-miny.||x — x;||

CR(X,) = fill distance = dispersion = miniMax distance criterion

— we are never far from a design point
— more difficult to compute
— appears in bounds on approximation error
(Narcowich et al., 2005; Schaback and Wendland, 2006)
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1 Three space-filling criteria

3/ Ls-mean quantisation error:
i a prob. measure on 2 (equiv. to Lebesgue measure A)

s 1/s
e A .
minimise Es ,(X,) = | [4 min IIx —x||| du(x)| ,s>0
——————
=d(x,Xp)
v
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1 Three space-filling criteria

3/ Ls-mean quantisation error:

i a prob. measure on 2 (equiv. to Lebesgue measure A)
s 1/s
L

minimise Eg ,(X,) S min IIx —x||| du(x)| ,s>0

—— —
=d(x,Xp)

Optimal X} = n-optimal set of centers,

a Voronoi partition of R w.r.t. X7 = n-optimal quantiser;
see (Graf and Luschgy, 2000)
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1 Three space-filling criteria

3/ Ls-mean quantisation error:

i a prob. measure on 2 (equiv. to Lebesgue measure A)
s 1/s

L

minimise Eg ,(X,) S min IIx —x;[|| dp(x)| ,s>0

—— —
=d(x,Xp)

Optimal X} = n-optimal set of centers,

a Voronoi partition of R w.r.t. X7 = n-optimal quantiser;
see (Graf and Luschgy, 2000)
Es,;.(X;) = bounds on worst-case approximation and integration errors
(Krieg and Sonnleitner, 2020)
— general bounds on integ. error for Lipschitz functions (Pages, 1997)
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1 Three space-filling criteria

3/ Ls-mean quantisation error:

i a prob. measure on 2 (equiv. to Lebesgue measure A)
s 1/s

L

minimise Eg ,(X,) S min IIx —x;[|| dp(x)| ,s>0

—— —
=d(x,Xp)

Optimal X} = n-optimal set of centers,

a Voronoi partition of RY w.r.t. X7 = n-optimal quantiser;
see (Graf and Luschgy, 2000)
Es,;.(X;) = bounds on worst-case approximation and integration errors
(Krieg and Sonnleitner, 2020)
— general bounds on integ. error for Lipschitz functions (Pages, 1997)

For s > 1, Es ,(X};) = minx, Es ;.(Xn) = inf, c 5, Ws(u, pin), with
@ P, = set of discrete probabilities on RY supported on n points

@ Wi(u,p') = Ls-Wasserstein (or Kantorovich) metric

1/s
=infy (fRdled Ix —x||° dM(X,x’)) with M having marginals p and p/
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1 Three space-filling criteria

Example 1:

® Packingd =2,n=7
(radius=PR(X,))
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1 Three space-filling criteria

Example 1:

® Packingd =2,n=7 @ Coveringd =2,n=7
(radius=PR(X,)) (radius=CR(Xp,))

]
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1 Three space-filling criteria

Example 1:

® Packingd =2,n=7 @ Coveringd =2,n=7
(radius=PR(X,)) (radius=CR(Xp,))

]
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1 Three space-filling criteria

Example 1:

® L,-quantisation,

® Packingd =2,n=7 @ Coveringd =2,n=7 d=2,n=7

(radius=PR(X,)) (radius=CR(X,))

]

— Maximise PR(X,), minimise CR(X,) and E(X,)
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2 Kernel relaxation

2 Kernel relaxation

Some notation:

| - || is always the Euclidean norm in RY
For K a kernel on 2" x 2" (= RKHS Hx when K Pos. Def.),
v a signed measure on 2", define:

Ex(v) = /%2 K(x,x') dv(x)dv(x') = energy of v

Pk .,(x) = /% K(x,x')dv(x’) = potential of v at x

[Pk () = kernel imbedding of v into H]

Note that [, Pk ,(x)dv(x) = Ek(v)
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2 Kernel relaxation

Relaxation: example of the distance function
d(x,Xp) = minyex, [[x — x|
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2 Kernel relaxation

Relaxation: example of the distance function
d(X, X") = minyex, [[x — x|

For g > 0, d(x,X,) = (maxy, [x — x;[|~9) "/

1 n n
S xS max [l =i T <Y x|
i=1 i=1
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2 Kernel relaxation

Relaxation: example of the distance function
d(X, X") = minyex, [[x — x|

For g > 0, d(x,X,) = (maxy, [x — x;[|~9) "/

1 n n
S xS max [l =i T <Y x|
i=1 i=1

-1/q

n 1 n —1/q
D K RO > SUSNT
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2 Kernel relaxation

Relaxation: example of the distance function
d(X, X,,) = Minyex, HX - XI'H

For g >0, d(x,X,) = (maxy, [x —x;~9) "/

1 n n
S xS ma [l =il T <Y x|
=1 i=1

n —-1/q 1 n —1/q
[Z [ — x,|“’] < [maxy, x — x|~ V7 < [ > lx- x,-_q]
i=1 n i=1
_ —1 —1
n M9 [Py ()] < d(x, X,) < [Pi, e, (x)] 1

with Kg(x,x") = ||x — x’||~9 the Riesz kernel with parameter g
(Kq is singular, does not define a RKHS)
and &, the empirical measure on X,

v
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2 Kernel relaxation

Relaxation: example of the distance function
d(X, X") = minyex, [[x — x|

For g >0, d(x,X,) = (maxy, ||x — x,-H*q)fl/q

1 n n
S xS max [l =i T <Y x|
i=1 i=1

-1/q

n 1 n -1/q
lZ [ — x:-l_q] < [maxy, x — x|~ V7 < [ > lx— x,-_q]
i=1 i
[P, e, (x)] M < d(x. X,) < [Piye, ()]

with Ky(x,x") = ||x — x’||~9 the Riesz kernel with parameter g
(Kq is singular, does not define a RKHS)
and &, the empirical measure on X,

For n fixed, [Png"(x)]fl/q — d(x,X,), uniformly in x and X, as g — o0
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2 Kernel relaxation

Relaxation with other kernels than K;:

K(x,x") = ¢(]|x — x'||) (isotropic) with
1: [0,00) — (0, 400] continuous, strictly decreasing (/(0) = o is allowed)
— inverse function ¢~V (u) defined for u € (0,(0)] and strictly decreasing too
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2 Kernel relaxation

Relaxation with other kernels than K;:

K(x,x") = ¢(]|x — x'||) (isotropic) with
1: [0,00) — (0, 400] continuous, strictly decreasing (/(0) = o is allowed)
— inverse function (=% (u) defined for u € (0,1(0)] and strictly decreasing too

In particular: y-exponential family K, ¢(x,x’) = exp[—||x — x'||7/(v¢7)], v>0
~v =1 m exponential (Matérn 1/2) kernel, v = 2 m Gaussian kernel
(K is not PD for v > 2 but not necessarily important. .. )
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2 Kernel relaxation

Relaxation with other kernels than K;:

K(x,x") = ¢(]|x — x'||) (isotropic) with
1: [0,00) — (0, 400] continuous, strictly decreasing (/(0) = o is allowed)
— inverse function (=% (u) defined for u € (0,1(0)] and strictly decreasing too

In particular: y-exponential family K, ¢(x,x’) = exp[—||x — x'||7/(v¢7)], v>0

~v =1 m exponential (Matérn 1/2) kernel, v = 2 m Gaussian kernel
(K is not PD for v > 2 but not necessarily important. .. )

—y 7 logn|—~yL7"log Pr,  ,¢,(x) < d7(x,X,) < =77 log Pk, _, ,.¢,(x)-

L o6n(X) = d7(x,X,), uniformly in x and X,, as £ — 0

For n fixed, —v {7 log Pk,
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3 Maximisation of the packing radius

3 Maximisation of the packing radius

{q-relaxation of PR(X,) = 3 min;||x; — x/]|

—1/q
1 2
Maximise 5 (n(n—l) ; lIxi — xj||‘7> for some g > 0 (large)
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3 Maximisation of the packing radius

3 Maximisation of the packing radius

{4-relaxation of PR(X,) = & min;;[|x; — x;]|

-1/q
1 2
Maximise 5 (n(n—l) Z [Ix; — xj||—q> for some g > 0 (large)

i<j

— PR(X,) as g—oo
equivalent to minimise &k, 7 (Xs) = 24

D) 2ui< X = xi||79 (= discrete energy)
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3 Maximisation of the packing radius

3 Maximisation of the packing radius

{4-relaxation of PR(X,) = & min;;[|x; — x;]|

-1/q
1 2
Maximise 5 (n(n—l) Z [Ix; — xj||—q> for some g > 0 (large)

i<j

— PR(X,) as g—oo
equivalent to minimise &k, 7 (Xs) = 24

D) 2ui< X = xi||79 (= discrete energy)

— continuous version:

PB1: minimise | [, [|x — x| 79 d¢(x)d&(x")

&, (§) wrt. €
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3 Maximisation of the packing radius

3 Maximisation of the packing radius

{4-relaxation of PR(X,) = & min;;[|x; — x;]|

-1/q
1 2
Maximise 5 (n(n—l) Z [Ix; — xj||—q> for some g > 0 (large)

i<j

— PR(X,) as g—oo

equivalent to minimise &, 7(X,) = ﬁ Yoicillxi —xj]| 79 (= discrete energy)

i<j

— continuous version:

PB1: minimise | [, [[x — X[ 79 d&(x)dE(X) | = &k, () wort. &

For g > d, &k, () is infinite for any non zero &
For 0 < g < d there exists a minimum-energy probability measure f;gq
When d —2 < g < d, f;q has a density gp:gq in 2

and PvaﬁZq (x) is constant in 27; see e.g. (Landkof, 1972)
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3 Maximisation of the packing radius

Example 2: 27 = %,4(0, p)
. _ C
d—2<qg<d pg(x)= e X € £ (Landkof, 1972, p. 163)

d=2,q=7/4

(when d >2and 2 < g <d -2, ffgq is uniform on the sphere S4(0, p))

4
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3 Maximisation of the packing radius

Other kernel relaxations? K., ,(x,x") = exp[—|x — X/||"/(v¢")], v > 0
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3 Maximisation of the packing radius

Other kernel relaxations? K. ;(x,x") = exp[—|x — X/||7/(v¢")], v > 0

Yal
Maximise —% log Z K, .e(xi,%;)| for some £ > 0 (small)

2
n(n—1) =
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3 Maximisation of the packing radius

Other kernel relaxations? K., ¢(x,x’) = exp[—||x — x/||?/(v£")], v > 0

Yl
Maximise _r lo

2
27 3 n(n—1)

i<j

— PR7(X,) as £—0

— continuous version:
PB1: minimise

Jar2 Koo, X) dE(x)dE (x')

Z K,.0(xi,%;)| for some £ > 0 (small)

= @(oKy.e(g)
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3 Maximisation of the packing radius

Other kernel relaxations? K, ,(x,x") = exp[—|x — X/||7/(v(")], v > 0

al 2
Maximise 772—7 log o= ; Ky ¢(xi,x;)| for some £ > 0 (small)

—PRY(X,) as £—0

— continuous version:
PB1: minimise | [,., K, ¢(x,x") d&(x)dE(X") | = Ek, ,(§)

There always exists a minimum-energy probability measure f;w ,
For Ky ¢(x,x") = exp(—||x — x'[| /£) (the exponential kernel):

@ Ford= 1, 2 = [071]v g;’(_g = 1/(]_ _~_2f)/\(%) + (60 +61)€/(1 _’_2[)
- ’5;1,2 has full support and PKM’% E(x) is constant on 2~

@ For d > 1, not full support: for 2" = %,(0,1), f;u has positive mass on
the surface of the circle and a spherically symmetric density in the interior of
&, equal to zero close to the boundary

v
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3 Maximisation of the packing radius

Minimisation of &x(£): main properties

f (/€ (0.2] for Ko p(x,x') = expl—|lx = x|/ (+07)])

@ — directional derivative (for bounded kernels)

Fo(6.0) = lim SKl= )i+ ad] = Ek(€)

a—0t «

= 2[Pxe(x) — Ek(§)]
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3 Maximisation of the packing radius

Minimisation of &x(£): main properties

If (7 € (0.2] for Ky e(x,x') = exp[—||x — x|/ (v¢")])

@ — directional derivative (for bounded kernels)

Fo(6.0) = lim SKl= )i+ ad] = Ek(€)

a—0t «

= 2[Pxe(x) — Ek(§)]

@ N&S condition for optimality (“Equivalence Theorem” — ET):
& is optimal & Fg (£,0¢) >0 forall x € 27

& | P er(x) — Ek(€f) = 0 forall x € 27
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Minimisation of &x(£): main properties

I (7 € (0.2] for Ky o(x,x') = exp[—[|x = x| /(z¢")])

@ — directional derivative (for bounded kernels)

Fo(6.0) = lim SKl= )i+ ad] = Ek(€)

a—0t «

= 2[Pxe(x) — Ek(§)]

@ N&S condition for optimality (“Equivalence Theorem” — ET):
& is optimal & Fg (£,0¢) >0 forall x € 27

& | P er(x) — Ek(€f) = 0 forall x € 27

@ As [, Pke(x)dé(x) = &k(€) for any &
Py (x) = k(&) on Supp(éx)
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3 Maximisation of the packing radius

Minimisation of &x(£): main properties

f (/€ (0.2] for Ko p(x,x') = expl—|lx = x|/ (+07)])

@ — directional derivative (for bounded kernels)

Fo(6.0) = lim SKl= )i+ ad] = Ek(€)

a—0t «

= 2[Pxe(x) — Ek(§)]

@ N&S condition for optimality (“Equivalence Theorem” — ET):
& is optimal & Fg (£,0¢) >0 forall x € 27

& | P er(x) — Ek(€f) = 0 forall x € 27

® As [, Prg(x)dé(x) = &k (§) for any ¢ (%)
Pi.e: (x) = k(&) on Supp(éx)

@ (%) = mingea Pk ¢(x) < Ek(€) for any &, and thus

& maximises minge 2 Pk ¢(x) — &k ()

v
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3 Maximisation of the packing radius

Example 3: 2 =[0,1], K(x,x")=(1+|x — x'|/€) exp(—|x — x| /£) (Matérn 3/2)
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3 Maximisation of the packing radius

Example 3: 2 =[0,1], K(x,x")=(1+|x — x'|/€) exp(—|x — x| /£) (Matérn 3/2)

— Numerical determination of £ for £ = 1/(10+/3)
(2000 points equally spaced in [0, 1], multiplicative algorithm)

& in (0,1) (with ££((0,1)) ~ 0.705)

mODAa 13, Jul. 2023 14 / 54
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3 Maximisation of the packing radius

Example 3: 2 =[0,1], K(x,x")=(1+|x — x'|/€) exp(—|x — x| /£) (Matérn 3/2)

— Numerical determination of £ for £ = 1/(10+/3)
(2000 points equally spaced in [0, 1], multiplicative algorithm)

& in (0.1) (with €£((0,1)) = 0.705) Foc(tk: 02)

] o1 02 03 04 05 06 07 08 08 1

(minxegg FgK(fx, 6><) > *1075)
= Fg (&f,05) =2 [PK7£;(X) — &k (€5)] ~ 0 on Supp(¢h) ¢ 2
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3 Maximisation of the packing radius

Example 3: 2 =[0,1], K(x,x")=(1+|x — x'|/€) exp(—|x — x| /£) (Matérn 3/2)

— Exact calculation of £ — see (P&Zh, 2023a)

0> {o ~ 0.3980 &= (0o +01)/2

by > € >0, ~0.3180 5; = m0(50 + (51) + (1 -2 m0)51/2
(with mg = mg(¢)...)

by >/ f; = m6(50+61)+ma((53+51,a)+a/\([a,l— a])

(),

(with my = m((¢), m, = my(¢€), a = a(f), a = a(?))
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3 Maximisation of the packing radius

Example 3: 2 =[0,1], K(x,x")=(1+|x — x'|/€) exp(—|x — x| /£) (Matérn 3/2)

— Exact calculation of £ — see (P&Zh, 2023a)

0> {o ~ 0.3980 &= (0o +01)/2

by > € >0, ~0.3180 f; = m0(50 + (51) + (1 -2 m0)51/2
(with mg = mg(¢)...)

by >/ f; = m6(50+61)+ma(53+51,a)+a/\([a,l— a])
(with my = m((¢), m, = my(¢€), a = a(f), a = a(?))

£:((0,1)) ~ 0.705

— For ¢ = 1/(10/3),
a ~ 0.0908 and
££((0,1)) ~ 0.6913

4 05 o8 07 08 o
xT
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3 Maximisation of the packing radius

Discrete case: X, — empirical measure &,

~

6k (&n) = var(0p,¢e) in Yx = 0 + Z with E{Z} =0, E{ZZs} = K(x,x')
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3 Maximisation of the packing radius

Discrete case: X, — empirical measure &,

Ex(€n) = var(0), op) in Yy = 0 + Zx with E{Z} = 0, E{ZZy} = K(x,X')
Greedy minimisation of éa,f(X,,), or Conditional gradient descent for &x(&)
(= Frank-Wolfe = Wynn's vertex-direction alg.)
(P&Zh, 2023b): if
q = qp is such that g,/ log n — oo in K4(x,x’) = ||x —x'|| 79, or
¢ = {, is such that £,n*/9(log n)/7 — 0 in K, (x,x"),
then liminf,_, ., PR(X,)/ PR} > 1/2 and limsup,_,., CR(X,)/CR} <2
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3 Maximisation of the packing radius

Discrete case: X, — empirical measure &,

Ex(€n) = var(0), op) in Yy = 0 + Zx with E{Z} = 0, E{ZZy} = K(x,X')
Greedy minimisation of éa,f(X,,), or Conditional gradient descent for &x(&)
(= Frank-Wolfe = Wynn's vertex-direction alg.)
(P&Zh, 2023b): if
q = qp is such that g,/ log n — oo in K4(x,x’) = ||x —x'|| 79, or
¢ = {, is such that £,n*/9(log n)/7 — 0 in K, (x,x"),
then liminf,_, ., PR(X,)/ PR} > 1/2 and limsup,_,., CR(X,)/CR} <2

General statements about Supp(¢)):

e When | K is PD |, translation-invariant, with K(x,x') = W(x — x')

— 2 conjectures (related to the non-existence of the continuous BLUE of 3 in the
location model Y(x) = /3 + £(x) where the errors £(x) have zero mean and
covariance K)

° E; is not of full support when W is differentiable at 0y

@ When d > 1, 5; is not of full support unless K is singular

y
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4 Minimisation of the covering radius

4 Minimisation of the covering radius

Minimise CR(X,) = max,c 2 miny, ||z — x;]|
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4 Minimisation of the covering radius
Minimise CR(X,) = max,c 2 miny, ||z — x;]|
{4-relaxation of miny; ||z — x;|

Minimise max,e 2 (1307, |z — x,-||*q)71/q for some g > 0

<= maximise min,c 2~ Pk, ¢,(2)

— continuous version: PB2 maximise ’ minze 2 Pk, ¢(2) ‘

Other kernels can be used, e.g., K, ¢(x,x") = exp[—||x — X'||7/(~v£")]

PB2 is called continuous polarisation: concave, but difficult (non diff.)
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4 Minimisation of the covering radius
Minimise CR(X,) = max,c 2 miny, ||z — x;]|
{4-relaxation of miny; ||z — x;|

Minimise max,e 2 (1307, |z — x,-||*q)71/q for some g > 0

<= maximise min,c 2~ Pk, ¢,(2)

— continuous version: PB2 maximise ’ minze 2 Pk, ¢(2) ‘

Other kernels can be used, e.g., K, ¢(x,x") = exp[—||x — X'||7/(~v£")]
PB2 is called continuous polarisation: concave, but difficult (non diff.)

When &x () is convex, & of PB1 maximises minge 2 Pk ¢(x) — &k (€)
if 5} has full support, it is also optimal for PB2

true for d = 1 when K(x,x") = 1(|x — x’|) with v convex,
and for any d when K = K, (Riesz), q € (d — 2, d)
(... but we conjecture it is not the case when d > 1 for nonsingular kernels)

v
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4 Minimisation of the covering radius

Doubly K-relaxed covering

relax max and min in CR(X,) = maxxec 2- miny, ||x — x;|| & maxyc 2 P;qléj x)

minimise {fx [P;q{éq(x)}q du(x)}l/q w minimise [, P,;q{f(x) dpu(x)
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4 Minimisation of the covering radius

Doubly K-relaxed covering

relax max and min in CR(X,) = maxxec 2- miny, ||x — x;|| & maxyc 2 P;q{éj(x)
L g —1/q q /g L -1
minimise {fx {PKq,g (x)} du(x)} w minimise [, Py ¢ (x) du(x)

= convex problem (strictly when K ISPD and p equivalent to A) = ET

K(x x)

¢* is optimal < forallx' € 27, /
PR (%)

) < [Pk dut)
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4 Minimisation of the covering radius

Doubly K-relaxed covering

relax max and min in CR(X,) = maxxe 2 miny, [|x — ;|| & maxxe 2 Py én (x)

minimise {fj, {P;;ql,éq(x)}q

1/q

du(x)}

| minimise fj Kg( x) dpu(x)

= convex problem (strictly when K ISPD and pu equivalent to A) = ET

£* is optimal < forallx' € 27,

Discretisation of u:

/ K&*

— Replace p by py uniform on 2y = {x(!)

)) ) < [Pk du()

o x(NY

— | minimise ®1[M ()] = trace [

v M)

(A-optimal design) with

My (&) =diag{Px ¢(x¥)), j=

LN} = [, diag{K(xV,x), j=1,..., N} dé(x)

(considered in (P&Zh, 2019) for K = Kj)

4
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Example 4: n =50 points in 2" = [0, 1]? for K, with g = 10
m incremental design by vertex-direction alg. (x; = (1/2,1/2))
(Zn = 33 x 33 regular grid, £ supported on the 32 x 32 interlaced grid)

(radius = CR(X,))
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5 Minimisation of the Ls-mean quantisation error

5 Minimisation of the L;-mean quantisation error

(4-relaxation of E, ,(X,) = ([, miny, |[[x — x;[|* du(x))"/*, s > 0
Replace d(x, X)) = minxl. Ix — xi|| by [P, e, (x)]*

1/s
— minimise Ex, s .(X, [f% (Pk,e.(x) #/4 du(x)} fors,q >0
— continuous version:
1/s
PB3: minimise | ex,,s,.(¢ [f% S/q(x ) dp(x )} ,5,g>0

[= extension of (P&Zh, 2019) where only the case g = s is considered]
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5 Minimisation of the Ls-mean quantisation error

5 Minimisation of the L;-mean quantisation error

(4-relaxation of E, ,(X,) = ([, miny, |[[x — x;[|* du(x))"/*, s > 0
Replace d(x, X)) = minxl. Ix — xi|| by [P, e, (x)]*

1/s
— minimise Ex, s .(X, [f% (Pk,e.(x) #/4 du(x)} fors,q >0
— continuous version:
1/s
PB3: minimise | ex,,s,.(¢ [f% S/q(x ) dp(x )} ,5,g>0

[= extension of (P&Zh, 2019) where only the case g = s is considered]

p equivalent to A, g € (0,d) = e, ,(-) is convex and differentiable = ET

£ is optimal < for all x' € 27, [, & = qux )) du(x) < e ,.(&5)
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5 Minimisation of the Ls-mean quantisation error

Discretisation of u:

— Replace p by py uniform on Zy = {x(, ... x(M}:

... g 1 np— 1/p : .
— | minimise eg . (§) = [trace (N Mqu(g)ﬂ (p-optimal design, p = s/q)
Mic(€) = [, diag{K(x,x), j=1,..., N} d¢(x)
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Relaxation with K, (x,x") = exp[—||x — x/[|7/(~v£7)]

s 1/s
Ex, su(Xn) = 0417 <fg{ [—log Pk, 1.6, ()] dM(X))
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Relaxation with K, (x,x") = exp[—||x — x/[|7/(~v£7)]

i, eXe) = 017 ([ [ =108 Pr 0. 0)]"” du(0)

Simplification for v ='s
w B,y u(Xa) = 507 [ 108 P, (x) du(x) (= EZ,,(X,) as £ = 0)
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Relaxation with K, (x,x") = exp[—||x — x/[|7/(~v£7)]

i, pen(Xe) = 09107 ([, [~10g Pr 0, (0)]7 ()"

Simplification for v ='s
w B,y u(Xa) = 507 [ 108 P, (x) du(x) (= EZ,,(X,) as £ = 0)

— continuous version:

€k..,.s,u (") is convex (strictly when y equivalent to A and s € (0,2]) = ET

£& is optimal & for all X' € 27, [, Pidu( x)<1

(but &5 is not of full support even when st , is = Example 5)
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Relaxation with K, (x,x") = exp[—||x — x/[|7/(~v£7)]

By nuXa) = 017 ([ [~ log P 0. (0] ()

Simplification for v ='s

w B,y u(Xa) = 507 [ 108 P, (x) du(x) (= EZ,,(X,) as £ = 0)

— continuous version:

e (+) is convex (strictly when equivalent to /\ and s € (0,2]) = ET

Ks,lvs M

& is optimal < for all X' € 27, fy Pi

(but &5 is not of full support even when §Ks ,is—

Discretisation of u:
— Replace i by up uniform on 2y = {x(¥), ... x(M1:

— | minimise e , o, (§) =s¢° log {detfl/N[MKs‘l(f)]}
M () = [, diag{K(x?,x), j=1,..., N} d¢(x)

1/s

du(x) <1
Example 5)

(D-optimal design)
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5 Minimisation of the Ls-mean quantisation error

Example 5: 2" =[0,1], K(x,x") = exp(—|x — x'|/¢) (Matérn 1/2), s = g =1,
1 =Ug uniform on &

Numerical determination of £} for £ = 1/10 (multiplicative algorithm):

€k
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Example 5: 2" =[0,1], K(x,x") = exp(—|x — x'|/¢) (Matérn 1/2), s = g =1,
1 =Ug uniform on &
Numerical determination of £} for £ = 1/10 (multiplicative algorithm):

K(x,
&k J %K()) dp(2)
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Example 5: 2" =[0,1], K(x,x") = exp(—|x — x'|/¢) (Matérn 1/2), s = g =1,
1 =Ug uniform on &
Numerical determination of £} for £ = 1/10 (multiplicative algorithm):

K(x,z)
&5 I'7 dp(z)
K K&y (2)
s 105
1
0ss
o
os
o}
0ss
o8
o 01 02 03 04 05 06 07 08 09 1 0.
T (] o. 02 03 o ?i' 06 07 08 09 1

Exact solution:
L>1/2 & =01y
12> € &= L(5 +61-0) + (1= 20N, 1 — €])
(and & — pw=Ugz when £ — 0)
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6 Conclusions

6 Conclusions

@ After kernel relaxation, the packing, covering and quantisation
problems are related to standard ®,-optimal design, including A- and
D-optimal design
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o Gradient-type descent (vertex-direction) methods can be used for
incremental constructions (— kernel herding of machine learning)

L. Pronzato (UCA, CNRS, France) Kernel relaxation for space-filling design mODAa 13, Jul. 2023 53 / 54



6 Conclusions

@ After kernel relaxation, the packing, covering and quantisation
problems are related to standard ®,-optimal design, including A- and
D-optimal design

o Gradient-type descent (vertex-direction) methods can be used for
incremental constructions (— kernel herding of machine learning)

@ Several theoretical questions remain open and are challenging,
concerning the support of a minimum-energy probability measure
(related to the existence of a minimum-energy signed measure of total
mass one and to the existence of the continuous BLUE in the location
model with correlated errors), in connection with the properties of K
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