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Motivation

Motivation

@ RCR model with

e n observational units (individuals)

e One observation per unit

@ OD for prediction of random effects

o Earlier works
o P. & Schwabe (2016), etc.:

number of observations > number of parameters

o GraBhoff et al. (2012):
OD for fixed effects
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Model Specification RCR model with one observation per individual
MSE for prediction of individual effects

RCR model with one observation per individual

Y = f(X,')Tﬁ,- +¢&i, i=1,.,n, xi € X
o f=(f,.. )"

e B3;=(Bi,...Bip) random
o E(B;) = By unknown

o Cov(B;) = 0D, D known, non-singular
@ E(¢;) =0, Var(g;) = o2
@ All B; and all €j» uncorrelated

GraBhoff et al. (2012): OD for estimation of 3,

This work: OD for prediction of b; = 3; — B,
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Model Specification RCR model with one observation per individual
MSE for prediction of individual effects

MSE for prediction of individual effects

Main interest - k selected individuals, k € [p, n — p]
— OD for prediction of W = %fozl b;

MSE of BLUP W for W:
1

DMD +

Cov(W — W) = 52 <1D _1

D5 DMleMkD)

n k
M=> M(x) & Mc=> M(x)

i=1 i=1

f(x;)

Mix) =glie(x)’ & elu) = —resprey
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Group designs
Linear criterion

Experimental Design Linear criterion: The same design in both groups

Two groups of individuals

Group 1 Group 2

k selected individuals & n — k remaining ind.

Design regions

X1 & X>

XN =X

X1 = X = X - particular case
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Group designs
Experimental Design Linear criterion
P g Linear criterion: The same design in both groups

Group designs

Exact designs

Group 1 Group 2

X11s -+« -5 XIN. X214+« -y XON.
gl,e = ’ ’ ! & f2,e = ’ ' 2

mig, ..., Mipn mai, ..., Man,

x1j € Xq support of & ¢ & xoj € Xy support of & ¢

Z;V:llmlj:k & Z}\I:zlmzj:n—k
Ny = [{x11, ., xang } & Ny = [{x21, ..., %N, }
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Group designs

. . Linear criterion
Experimental Design o BB e :
Linear criterion: The same design in both groups

Group designs

Approximate designs

Group 1 Group 2
X1y« oy Xqf0 X201y« o oy Xof
51:< ) 71N1> & 52:( 3 a2N2>
Wll""’W1N1 W21""’W2N2

Showy =1, M= an gl & R wy =1 M= [{xrn,. . x0)
Information matrices
Mie =M wiM(x;) & Mag =5 w,M(x)
LE = 2j=1 "1 1 2,6 = 2. j=1W2j 2j

For exact designs: M, = kMLg & M= le,g + (n — k)Mz,g
Wy = mlj/k & Woj = mzj/(n— k) & /\7@ = Ng, f: 1,2

July 13, 2023 Maryna Prus

Optimal Designs in RCR with One Observation per Unit



Group designs
Linear criterion

Experimental Design Linear criterion: The same design in both groups

Linear criterion

L-criterion for prediction of W:

O, = tr (Cov(ai: - Llll))
For approximate designs
®(§) = —tr |L <,1(M1g - kM25>_1
L=DD & L=L"C

The L-criterion is convex with respect to (M1 ¢, M>¢)

July 13, 2023 Maryna Prus Optimal Designs in RCR with One Observation per Unit



Group designs
Linear criterion

Experimental Design Linear criterion: The same design in both groups

Optimality condition

Design criterion

4

Equivalence theorem for multiple-design problems !

4

Optimality condition

see P. (2022)
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Group designs
Linear criterion

Experimental Design Linear criterion: The same design in both groups

Linear criterion: The same design in both groups

If Xy =4 =4X
Design with & = & may be optimal

L-criterion: y
OL(€) = —tr [LMM]

Optimality condition:

g(x)TLg(x) < tr (EML@) , VxeX

1) All designs with & = &, optimal
== 2) Singular design optimal
3) No optimal designs with & = &
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Example 1: The same design region in both groups
Example 2: Different design regions
Examples

Examples: Straight line regression

Y = Bi1 + Bioxi + €

o f(x)=(1,x)"
o D= diag(dl, d2)

o A-criterion: L =1,

Examples:

@ Example 1: The same design region in both groups

@ Example 2: Different design regions
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Example 1: The same design region in both groups
Example 2: Different design regions
Examples

Example 1: The same design region in both groups

Yi = Bin + Bioxi +€i

o Xy =AX=[-a,a, a>0
° &H1=6

@ All observations at endpoints: —a & a

Designs:
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Example 1: The same design region in both groups
Example 2: Different design regions
Examples

Example 1: The same design region in both groups

A-criterion:

d232 + CI'12
due) = — 2T TA
A(g) d232 +d; +1

Ind. of designs

Optimality condition satisfied

i)

2

d
dy > —1 d> =
{2_d1+1}U{2 0}

)
All w € [0, 1] optimal

Otherwise, no optimal endpoints designs with & = &

July 13, 2023 Maryna Prus Optimal Designs in RCR with One Observation per Unit



Example 1: The same design region in both groups
Example 2: Different design regions
Examples

Example 2: Different design regions

Yi = Bi1 + Biox; + €

o X = [*1,1] & Xp= [—a,a], a>a0
@ All observations at endpoints: —1 & 1 or —a & a

@ In general & # &

Designs:

-1 1 —a a
é_1:<].—W1 W1> & 52:<1—W2 W2>
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Example 1: The same design region in both groups
Example 2: Different design regions
Examples

Example 2: Different design regions

@ Casel: di=d & dr=0 - random intercept
Optimal designs:
£t a n 1
Wy = aw, — — + =
1 27575

with (wy, w3) € [0,1]?
@ Case2: di1=0 & dr=d - random slope

Optimal designs:

. at2w; —1
wy = —————
2a
with (wy, w3) € [0,1]?
Fora=1 w{=w; - same OD asin Example 1
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Thank you for your attention!
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