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Dynamic systems

» Dynamic state x; at time 1
» Evolves in time x; = f(xr_1, Wi, 0, uy)
® Process noise wy,

® Unknown (static) parameters 0
® Controllable input uy

» Measurements yj, = h(xy, vi, 0)
® Measurement noise vy,

f(@p—1, wy, 0, uy

Yir—1
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Example dynamic system

» Mass spring damper system

> 2 states
® Position 7
® Velocity zo

» Change in position
® (@1)k+1 = (T1)k + (22)KAL

» Change in velocity by Newton's second law
o m(”)’“*&w = —K(z1)r — C(x2)r + F + process noise
® Pulling force F is controllable input

» Measurement(y) = position(z1) + measurement noise

» K and C will be the unknown parameters
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Hidden Markov model

» Dynamic model p(x|Tk_1, 0, uy)
» Measurement model p(yi|zy, @)
» Markov Properties
® Current state given previous state and input
independent of anything that happened before
p(mklmlzk—la Yi:k—1, 05 ul:k) = p(wk|wk—la 07 uk)
e Current measurement given previous state
independent of anything that happened before

p(yk|w1:k7y1:k—1) = p(yk|wk,0)

p(xi|Tp—1,0,u)

Yr—1

Yk
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Sketch of Parameter estimation

» We want Likelihood of parameters p(y1.7|0, u1.7)

Does not contain
Write in terms of Bayesian filtering equations for state estimation:
State prediction distribution p(x|y1.k—-1,60,u1.7)

State filtering distribution p(xk|y1.x, 0, w1.7)

To estimate parameters, must estimate state

Optimal filter for linear dynamic systems is the Kalman filte

Yr—1

p(xi|Tp—1,0,u)

Yk
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Parameter estimation

» Likelihood p(y1.7|0, u1.7)
® Write in terms of: p(xg|xr—1,0,ur) and p(yr|xk, 0)
= p(yr|Y1:(r-1), 0, ur.7)p(Y1:7—1) |6, U1.T)
= HZ:1 P(Yrk|Y1:6—1, 0, u1.7)

> p(Yrlyr-1,0, ur.T)
= [ p(yr, Tr|Y1:6-1, 0, wr.r)day
= [ p(yr|zr, yroe=, 0, ) p(Ti|Y1:8—1, 0, wr.r) dey,

p(xi|Tp—1,0,u)

Yr—1

Yk
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Bayesian filtering

» State prediction distribution p(x|y1.k-1, 0, w1.7)
= fp(wlﬁ Lr—1 |yl:k'—17 07 ul:T)dwk-_l
= | p(@k|@r—, Yrr=r, 0, u'l';T)p(wk—ﬂyl:k—l; 0, uy.7)dx)_1

> State filtering distribution p(xk|y1.x, 0, w1.7)
_ p(YklTk, Yroe=r, 0, trer ) p(Tk | Y1 (k- 1), 0, w1T)
P(Yr|Yy1k—1,0, urT)
» Recurse to the state prior: p(x¢|6)
filtering distribution at k requires

prediction distribution at k requires
filtering distribution at k-1 requires

p(xi|Tp—1,0,ur)

Yk—1 Yk

» Normalization factor p(yx|y1.k—1,6, w1.7)




Linear dynamic systems

> ), = f(Tr-1, Uk, W, 0)
Yr = h(xy, vy, 0)
» becomes
T = F(G)wk_l + B(O)uk + wg
yr = H(0)x), + vy
wy, ~ N(0,Q(0)) vk
v, ~ N (0, R(0)) Vk
xo ~ N(my, )
Covar(wg,v;) =0 Yk, 1
Covar(wg, w;) = Covar(vg,v;) =0 Yk, 1 kE#1
Covar(xg, vi) = Covar(xg, w) =0 vk

» Gaussian distributions remain Gaussian under linear transformations
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Mass-Spring-Damper is linear

1 At 0
> o= [—KAt/m 1-— cAt/m] Tp-1 7+ [At/m] Up o+ W

> o N (0, [1000At/m 0 D

0 1000At /m
> vy, ~ N(0,100)

v 1)




Kalman filter

> Bayesian filter for linear systems
> p(xk|Y1k, 0, urk) ~ N(myg, Py)
> prediction

m; = F(0)my_, + B(0)uy

P =F(0)P.F'(0) + Q)
> update step

vy, =y — H(O)m,,

Sy = H(0)P, H'(6) + R(0)

K, =P, H'(6)S;'

myg = m,; + K

P, = P]; — K, S K’

> Likelihood [T, p(yk|yi:k—1,0, u1.r) =[], (1/\/|27rSk| + exp(—%'v;ﬂSk_lvk))




Optimal experimental design

» Optimize inputs u;.7 to estimate @ as precisely as possible.

— input profile option 1
—— input profile option 2
4 = MAX t
5 3|
[eN
£
2 1
1 1
0 = MIN
0 1 2 3 4 5 6
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Optimal experimental design

v

Optimize inputs uq.7 to estimate 6 as precisely as possible.

» Expected Fisher information matrix
I(07u1:T)

_ 9% log p(y1.7|6,u1.1)
- _Ey1:T|eau1:T 892

® [ntuitive interpretation: sharp likelihood on average over all possible measurements

» The i,j'th entry of Z; ;(0, u1.7)

_ OE(y1l6) 1 0E(y1.116)
— a—eiCovar(yLTw) 6—0j+
1 Tr | Covar(y;.7|0) " 0 Covar (y1.7(6) Covar(yy7]0) 0 Covar(y1.7|0)

» D-optimality
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Recursion to calculate expected FIM
T = F(H)wk_l + B(G)uk + wyg

>

Y = H(O)mk —+ v
0)E(:c;€|0,u1:T)
B)E(:L'k_1|0, ul:T) + B(G)uk

Var(yi|0,u1.7) = H(0) Var(zi|0,u1.7)H(0) + R(0)

Var(z|0, u1.7) = F(0) Var(xk_1|0, u1.7)F(0) + Q(0)

Var(xo|6,u1.1) = Py

Covar(yx|0, u1.7; 1|0, ur.7) = H(O)F*! Var(x;|0, w.7)H(0), Yk >1
Covar(yg|0, w1.7; 1|6, u1.7) = Covar(y,|0, w1.7; yx|0, ur.7)  Vk <l

® Related to repeatedly using the prediction step of the Kalman filter

Can also derive recursion for parameter sensitivities
OFE(y1.7|0) 9 Covar(yi.7|0)

00; ! 00;
® Automatic differentiation more convenient
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Robust & adaptive experiments

» Expected FIM depends on the unknown parameters

> Average out D-criterion over prior distribution
argmax,, . [ |Z(6,u1.r)| p(0)d6

» Adapt experimental plan after every measurement
argmaxy, J1Z(6,u1.7)| p(O)y1:1)d0O
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Adaptive horizon

» But correlations between y not feasible online.

Olog p(y1:1|0, u1.1) Olog p(y1.£|0, k)’

» Observed FIM J(0,uq.x) = 00 00

» Prediction far into the future too difficult
arg maxu(k_‘_l):(k_,_e) f |~7(07 ul:k) + I(G, u(k—|—1):(k+e)) | p(0|y1:k)d0

» Current limitation: Monte Carlo integration has to be performed at the
same 6, every timestep.
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Input profile and corresponding output
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Online maximum likelihood estimate
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Likelihood at end of experiment
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